This paper makes the first attempt to estimate the time-varying natural rate jointly with the output gap and trend potential output growth for the world as a whole using a simple unobserved components model broadly following the methodology developed by Laubach and Williams (2003) . We find that the world natural rate has been trending down for the past few decades. Nearly half of the variation in the natural rate is accounted for by the trend potential output growth rate. However, the relationship between the world natural interest rate and the world trend growth is modest and not statistically significant.
I. Introduction
The natural rate of interest also sometimes referred as a neutral or real equilibrium rate of interest is commonly dened as the real short-term rate of interest consistent with stable ination and output equal to potential. It's one of the key concepts for interpreting macroeconomic relationships and the eects of monetary policy. For example, it provides a metric for the stance of the monetary policy, which is expansionary (contractionary) when the real interest rate is below (above) the natural rate. Thus, monetary policy makers have a deep interest in estimating the level of the natural interest rate.
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Most of the previous work on this topic estimates the natural rate for only a single country or a specic area of the world such as the European Union. However, in light of the increasing degree of global economic integration, measuring the global natural rate is of some interest. This paper tries to make a contribution in this direction. We assume that the world is fully integrated and ask the following questions: How has the world natural rate evolved over the past half century? Does it exhibit a similar pattern to the natural rate in the United States? What are the main contributors to historical uctuations in the world natural rate? Does it tell us anything about the international interaction between the United States and the rest of the world?
In order to answer the questions above, we broadly apply a commonly used methodology rst proposed by Laubach and Williams (2003) to the world, proxied by an aggregate of twenty advanced economies over the period 1961-2015. 2 Laubach and Williams use a state-space model to estimate the unobservable natural rate from observed output, ination and interest rate data by specifying a couple of simple macroeconomic relationships including a crucial natural rate equation relating the natural rate of interest to the trend rate of potential output growth, an IS curve relating the output gap to the deviation of real interest rate from its natural level and a Phillips curve that links the ination rate to the deviation of output from potential.
Our specication and estimation deviate from the original Laubach and Williams model in a couple of ways. First, we omit import prices from our Phillips curve specication since we are interested in global aggregates and the world does not trade with anyone.
For the same reason, the FRB/US imported oil price in Laubach-Williams' Phillips curve is replaced with the world oil price proxied by the price of West Texas Intermediate crude oil. Second, we apply standard maximum likelihood methods to estimate the trend growth shock instead of the medium unbiased estimator proposed by Stock and Watson (1998) . We do so because shocks to world trend growth are bigger than the respective 1 See, e.g. Laubach and Williams (2003) , Clark and Kozicki (2005) , Berger and Kempa (2014) , Barsky et al. (2014) , Cúrdia et al. (2015) , Hamilton et al. (2016) , Pescatori and Turunen (2015) and Holston et al. (forthcoming). 2 The twenty advanced countries include Canada, France, Germany, Italy, Japan, United Kingdom, United States, Australia, Austria, Belgium, Finland, Greece, Ireland, Netherlands, Norway, Portugal, South Korea, Spain, Sweden and Switzerland. individual country shocks, so that standard maximum likelihood methods do not suer from the pile-up problem (Stock (1994) ) as in Laubach and Williams (2003) . Third, while implementing the Kalman lter/smoother algorithm, we set the conditional expectation and covariance matrix of the initial states with a diuse prior instead of the general least squares (GLS hereafter) method proposed by Harvey (1989) since the latter tends to exacerbate the pile-up problem.
There are several main ndings to highlight. First, the world neutral interest rate has been declining for the past half century in a similar pattern as the trend growth rate of potential output. The trend potential output growth can explain nearly half of the forecast error variance of the natural rate at all nite horizons. Nevertheless, consistent with Hamilton et al. (2016) , we nd that the relationship between the world natural rate and trend potential output growth is modest. The point estimate of the parameter that connects the natural interest rate with the trend growth rate is 0.458, which is less than half of Laubach and Williams' estimate of its U.S. counterpart and is not statistically signicant. In addition, our estimates of the output gap pick up the OECD recession turning points quite accurately. The estimation of the IS curve indicates that the world natural rate gap imposes a signicant contractionary pressure on the world output gap.
Last, the Phillips curve indicates that the world output gap has a signicantly positive eect on the global ination which shows that the short-run output-ination trade-o exists at the global level.
II. Model Specication
Our benchmark model broadly follows Laubach and Williams (2003) . The key motivating equation in Laubach and Williams (2003) is the following version of the relationship between the real rate of interest (r) and the growth rate of consumption (g c ) that falls out of almost any intertemporal household optimization problem:
where σ is the inverse of intertemporal elasticity of substitution and θ is the pure rate of time preference. Laubach and Williams use this theoretical relationship to motivate a relationship between the unobserved natural rate of interest (r * t ) and the annualized trend growth rate of potential output (g t ):
r where z t captures other determinants of the natural rate of interest such as time preference, scal policy and so on.
The dynamics of the output gap are described by a backward-looking IS equation, where the output gap (ỹ t ) (dened as the percentage deviation of real output (y t ) from potential output (y * t )) is determined by its own lags, the lagged deviation of the real short term interest rate (r t ) from the equilibrium real interest rate (r * t ) and a serially uncorrelated shock ( 1t ):
where the ex-ante real interest rate (r t ) is constructed by subtracting the expected ination rate (E t π t+1 ) from the nominal interest rate (R t ).
The core consumption price ination rate (π t ) is assumed to be determined by its own lags, the lagged output gap (ỹ t−1 ) and the crude oil price ination rate (π O t ) (as a proxy for global supply shocks) and a serially uncorrelated shock ( 2t ):
For parsimony, we restrict the coecients on the lagged ination terms not rejected in our sample to sum to one. This implies that the trade-o between output and ination exists only in the short run. We also assume that the coecients on the second through fourth lags are equal to each other, as are the coecients on the fth to eighth
is similar to the Phillips curve equation in Laubach and Williams (2003) , except that we omit the core import price ination term which they include in their specication, and replace the imported oil price with a measure of the global oil price.
Equations (3) and (4) are the measurement equations of our state space model. Turning to the transition equations, we assume that the variable z t representing the non-trendgrowth determinants of the natural rate in equation (2) follows a random walk:
The potential output (y * t ) and annualized trend growth rate of potential output (g t ) are given by 3 :
3 The coecient before the annualized trend growth rate g t is 0.25 because our output data are quarterly. This is consistent with the setup in other studies such as Trehan and Wu (2007) .
We assume that 1t through 5t are serially uncorrelated and uncorrelated with one another.
As detailed in Appendix A, the model can be expressed in the form of a state-space model:
and
where Y t = y t , π t , S t = y * t , y * t−1 , y * t−2 g t−1 , g t−2 , z t−1 , z t−2 , and X t = y t , y t−1 , y t−2 r t−1 , r t−2 , π t−1 , π t−2,4 π t−5,8 π o t−1 − π t−1 .
In applying the Kalman lter to the model, standard maximum likelihood estimation of σ 3 , the standard deviation of the shock to z t , is biased towards zero because of the socalled pile-up problem which usually arises when the shock to the random walk process is of small size.
4 Accordingly, our estimation proceeds in two steps. In the rst step, we use the median unbiased estimator proposed by Stock and Watson (1998) to estimate the noise to signal ratio λ z = a 3 (σ 3 /σ 1 ). In the second step, we impose the estimated value of λ z obtained in the previous step and estimate the remaining model parameters with standard maximum likelihood methods.
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The above estimation procedure deviates from the three-step method designed by Laubach and Williams (2003) . Laubach and Williams (2003) nd that the U.S. trend growth shock is small, so that the standard maximum likelihood estimates of the standard deviation of the trend growth shock (σ 5 ) suers from the pile-up problem. Accordingly, they include an extra step to estimate the ratio λ g = σ 5 /σ 4 with Stock and Watson's median unbiased estimation method and impose that ratio in latter steps. However, as we will show later, the world trend growth shock exhibits more volatility than the U.S. trend growth shock estimated by Laubach and Williams (2003) , and is immune to the pile-up problem. Thus, we skip the extra step and estimate the standard error of the 4 For more detailed discussion on the pile-up problem, see Stock (1994) , Stock and Watson (1998) among others 5 To proceed the Kalman lter/smoother procedure, we need to set the the conditional expectation and covariance matrix of initial states. In both steps, dierent from Laubach and Williams (2003) , the conditional expectation and covariance matrix of initial states are set by diuse prior instead of the GLS method introduced in Harvey (1989) . There are two reasons for the deviation. First, as is mentioned in Laubach (2002) the GLS method tends to exacerbate the pile-up problem. Second, as in Laubach and Williams (2003) , the GLS method fails in the last step because of singularity problems. Thus, it's more consistent to use diuse prior in both steps rather than using GLS method in the rst step while using a diuse prior in the second step.
trend growth shock together with other parameters simultaneously using the standard maximum likelihood method instead.
III. Estimation Results

A. Data
The model is estimated using quarterly data for the world from 1961Q1 to 2015Q4.
Due to data availability, we proxy the world by an aggregate of twenty advanced economies: Figure 1 as the weights. The GDP shares are calculated by the ratios of the real GDP of the individual countries to the aggregated GDP of the twenty countries included in our sample. We compute the expectation of world ination rate four quarters ahead from a univariate AR(3) model of ination estimated over the 80 quarters prior to the date at which expectations are being formed.
6 Then, we construct the ex-ante real interest rate by subtracting the world expected ination from the nominal world interest rate. We use the West Texas Intermediate oil price as a measure of the global oil price. The sources and construction of the data are detailed in Appendix B.
[ Figure 1 about here]
B. Parameter Estimation
The rst column of One possible reason for this is that the Phillips curve equation estimated using individual country data insuciently captures the eect of foreign demand on domestic ination.
Lastly, for the natural rate equation, the link between the world natural rate and the world trend growth is weak. The point estimate of the parameter c is 0.458 which is only one third of its U.S. counterpart. By contrast to the U.S. estimate, the parameter c is insignicantly dierent from zero which indicates that the relationship between the natural rate and the trend growth rate is modest. This nding is consistent with the ndings of Hamilton et al. (2016) , who draw a similar conclusion by studying the simple cross-country correlation between the average GDP growth rate and the average real interest rate.
For the estimates of the standard errors, the shock to trend growth rate ( 5 ) is more volatile than its U.S. equivalent. The standard deviation of the trend growth shock (σ 5 ) equals 0.143, which is more than three times its U.S. counterpart. The large size of trend growth shock makes it possible to avoid the pile-up problem in estimating σ 5 which usually arises in single country studies. On the other hand, the standard deviation of the other determinants of the natural rate (σ 3 ) is 0.076 which is less than one third of the U.S. estimate. The estimates of the standard errors shed some light on the driving forces underlying the natural rate. By combining equations (2), (5) and (7), the natural rate of interest (r * t ) follows a random walk:
where the shock to the natural rate equation rt = c 5t + 3t . Given the estimates above, the standard deviation of the world natural rate shock σ r = c 2 σ dashed lines. Similar to the single country estimates of Laubach and Williams (2003) , the world natural rate of interest has been trending down during the past half century.
The declining pattern is also consistent with the world real yields on 10-year government bonds estimated by King and Low (2014) which is plotted in red in [ Figure 4 about here]
The natural rate equation above shows that the world natural rate is determined by two factors: the world trend growth rate g t and the other determinant z t . Figure 5 displays the natural rate along with the contribution of each of the underlying determinants. Most of the uctuation in the world natural rate is determined by the trend growth rate while the other determinant (z t ) plays a rather limited role. This is quite dierent from the previous estimates of the U.S. natural rate, where the other determinant (z t ) acts as a signicant contributor to the natural rate, especially in recent years as is shown in Figure   6 . A possible explanation to account for such a dierence is that much of the z t for the U.S. natural rate is contributed by the trend growth of the rest of the world. Nevertheless, to further verify this possibility requires a two-country model where the natural rate in the U.S. is determined by both home country trend growth and the foreign country trend growth as explored in Wynne and Zhang (forthcoming) , which is beyond the discussion of this paper.
[ Figure 5 and Figure 6 about here] D.
Robustness Analysis
In the section above, we have shown that the natural rate and trend growth have been declining in the baseline model. One assumption implicitly underlying the baseline model is that the population growth is stable across the sample period. However, as shown in Figure 7 , world population growth declined signicantly from an annual rate of 1.2 percent in 1961 to 0.4 percent in 2015. In order to examine whether this considerable shift in demographic factors contributed to the decline in the trend growth and thus the natural rate, we implement a robustness check where we redene y t in the baseline model as the output per capita.
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[ Figure 7 about here]
The third column of table 1 displays the parameter estimates for the robustness check.
Most of the parameters are very close to the baseline case. Nevertheless, the parameter c that connects the natural rate with the trend growth is 0.6, which is 31 percent bigger Figure 10 shows that the per capita estimates of the natural rate tracks the baseline estimates very closely for most of history. However, with a larger natural rate shock, the natural rate in the per capita model exhibits moderately richer dynamics than the baseline estimates. The two estimates diverge most substantially in 2009Q1 when the natural rate in per capita model reaches its trough at 0 percent compared to 0.2 percent in the baseline model. Nevertheless, the baseline estimates of the world natural rate is by and large robust to the historical demographic shifts.
[ Figure 8 to 10 about here] 9 Here we assume that this demographic shift is exogenous.
IV. Conclusion
A growing number of literature utilizes unobserved components models to estimate equilibrium rate of interest by means of multivariate trend-cycle decompositions. However, most of such models focus on either an individual country or a specic area like the European Union. In this paper, we contribute to the literature by jointly estimating the world natural interest rate, potential output and the trend growth rate of output using an unobserved components model broadly following Laubach and Williams (2003) . We nd that both the world natural interest rate and the trend potential output growth rate have been declining signicantly in the past fty years. The trend growth rate contributes substantially to the variation in the natural interest rate. Nevertheless, our estimation shows that the relationship between the world natural rate and the world trend growth rate is modest. The estimates of the natural interest rate are robust even while controlling for demographic shifts.
Our project also inspires a reection on the previous estimation on the U.S. natural rate of interest. By comparing the determinants of the natural rate between the U.S.
and the world, we nd that the other determinants of the natural rate in Laubach and Williams (2003) might be mostly contributed by the trend growth in the rest of the world.
However, formally testing this inference requires a two-country model which is beyond the discussion of this paper and is left for future research.
Appendix A: the state-space representation of the model
The model in the text can be written in state space form:
Here, Y t and X t are respectively vectors of contemporaneous endogenous, and of exogenous and predetermined variables. S t is the vector of unobserved states. The vectors of stochastic disturbance u t and v t are assumed to be Gaussian and mutually uncorrelated with mean zero and covariance matrices R and Q, respectively.
The vector of observables Y t is given by:
where y t denotes 100 × log real GDP and π t denotes ination. The predetermined and exogenous variables are:
X t = y t , y t−1 , y t−2 r t−1 , r t−2 , π t−1 , π t−2,4 π t−5,8 π
where r t is the real interest rate, π t−j,k is shorthand for the moving average of ination between dates t − k and t − j and π o t is oil price ination. The state vector is:
where y * t is 100 × log potential GDP, g t denotes the trend growth and z t represents other determinants of the natural rate. The coecient matrices are: 
The signal-to-noise ratio λ z is estimated with the median unbiased method introduced in Stock and Watson (1998) . Given λ z , the vector of parameters to be estimated by maximum likelihood is Θ = a 1 , a 2 , a 3 b 1 , b 2 , b 3 , b 4 , c, σ 1 , σ 2 , σ 4 . σ 5 . The aggregated core ination rate is created by taking a weighted average of the annualized quarterly growth rate of each country's seasonally adjusted core consumer price index using the GDP share as weights. For some countries, the core consumer price index is unavailable back to the 1960s. As a result, we proxy the core CPI ination rates with the CPI ination rate when the former rates are missing.
To construct the ex-ante real interest rate, we compute the expectation of average aggregate ination over the four quarters ahead from a univariate AR(3) of ination estimated over the 80 quarters prior to the date at which expectations are being formed.
In practice, because of the limited sample, for the rst 20 years we use the data from 1959-1981 to estimate the coecients of the AR model. After 1981, the AR model is estimated using a rolling window with the size xed at 80 quarters. Finally, the oil price 10 The GDP share is time-varying as is depicted in Figure 1 . It's the ratio between the PPP-adjusted real GDP and the aggregated real GDP of the twenty countries. The World Output Gap: 1961Q1-2015Q4 FIGURE 3
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